We introduce the volume function for C ∞ -hermitian invertible sheaves on an arithmetic variety as an analogue of the geometric volume function. The main result of this paper is the continuity of the arithmetic volume function. As a consequence, we have the arithmetic Hilbert-Samuel formula for small sections of higher multiples of a nef C ∞ -hermitian invertible sheaf.
INTRODUCTION
Let X be a d-dimensional projective arithmetic variety and Pic(X) the group of isomorphism classes of C ∞ -hermitian invertible sheaves on X. For L ∈ Pic(X), the volume vol(L) of L is defined by vol(L) = lim sup m→∞ log #{s ∈ H 0 (X, mL) | s sup ≤ 1} m d /d! .
For example, if L is ample, then vol(L) = deg( c(L) ·d ) (cf. Lemma 3.1). This is an arithmetic analogue of the volume function for invertible sheaves on a projective variety over a field. The geometric volume function plays a crucial role for the birational geometry via big invertible sheaves. In this sense, to introduce the arithmetic analogue of it is very significant.
The first important property of the volume function is the characterization of a big C ∞hermitian invertible sheaf by the positivity of its volume (cf. Theorem 4.5). The second one is the homogeneity of the volume function, namely, vol(nL) = n d vol(L) for all nonnegative integers n (cf. Proposition 4.7). By this property, it can be extended to Pic(X) ⊗ Q. From viewpoint of arithmetic analogue, the most important and fundamental question is the continuity of vol : Pic(X) ⊗ Q → R, that is, the validity of the formula: lim ǫ1,...,ǫn∈Q ǫ1→0,...,ǫn→0 vol(L + ǫ 1 A 1 + · · · + ǫ n A n ) = vol(L) for any L, A 1 , . . . , A n ∈ Pic(X) ⊗ Q. The main purpose of this paper is to give an affirmative answer for the above question (cf. Theorem 5.4) . As a consequence, we have the following arithmetic Hilbert-Samuel formula for a nef C ∞ -hermitian invertible sheaf: In the geometric case, the above theorem can be proved by using the Riemann-Roch formula and Fujita's vanishing theorem. In the arithmetic case, the proof in terms of the arithmetic Riemann-Roch theorem seems to be difficult. Instead of it, we prove the continuity of the volume function by direct estimates. For this purpose, the technical core is the following theorem, which was inspired by Yuan's paper [13] .
Theorem B (cf. Theorem 3.4) . Let X be a projective and generically smooth arithmetic variety of dimension d ≥ 2. Let L and A be C ∞ -hermitian invertible sheaves on X. We assume the following:
(i) A and L + A are very ample over Q. In order to explain the technical aspects of the above theorem, let us consider it in the geometric case, namely, we assume that X is a projective smooth variety over C, and we try to estimate ∆ = h 0 (X, aL + (b − c)A) − h 0 (X, aL − cA).
The first elegant way: Let us choose an infinite sequence {Y i } ∞ i=1 of distinct smooth members of |A| such that h 0 (Y i , nL + mA| Yi ) = h 0 (Y j , nL + mA| Yj ) for all i, j and all integers n, m. Then an exact sequence
gives rise to ∆ ≤ b · h 0 (Y 1 , a(L + A)| Y1 ). This argument does not work in the arithmetic situation.
The second way: In the paper [13] , for a fixed smooth member Y ∈ |A|, Yuan considered an exact sequence
This second way works if we consider the arithmeticχ instead of the number of small sections. In this way, Yuan [13] obtained an arithmetic analogue of a theorem of Siu.
However, if we estimate the number of small sections by using the above way, the growth of the contribution from error terms is larger than the main term.
The third way: An exact sequence
gives rise to ∆ ≤ h 0 (bY, aL + (b − c)A| bY ).
On the other hand, using exact sequences
we have
In the arithmetic context, the behavior of the error terms by this way is better than the second way, so that we could get the desired estimate. Of course, this way is very complicated because it involves non-reduced schemes.
The paper is organized as follows: In section 1, we prepare several estimates of norms on complex manifolds. In section 2, many formulae concerning the number of small sections are discussed. Through Section 3, we give the proof of the main technical estimate of the number of small sections. In section 4, we introduce the volume function on an arithmetic variety and consider several basic properties. In section 5, we prove the continuity of the volume function and the arithmetic Hilbert-Samuel formula for a nef C ∞ -hermitian invertible sheaf.
Finally we would like to thank Prof. Mochizuki for valuable correspondences.
Conventions and terminology. We fix several conventions and terminology of this paper.
1. For a real number x ∈ R, the round-up ⌈x⌉, the round-down ⌊x⌋ and the fractional part {x} are defined by ⌈x⌉ := min{k ∈ Z | x ≤ k}, ⌊x⌋ := max{k ∈ Z | k ≤ x} and {x} = x − ⌊x⌋.
2. For a complex vector z = (z 1 , . . . , z n ) ∈ C n , two norms |z| and |z| ′ are defined by |z| = |z 1 | 2 + · · · + |z n | 2 and |z| ′ = |z 1 | + · · · + |z n |.
Note that |z| ≤ |z| ′ ≤ √ n|z| for all z ∈ C n .
3. Let (V, σ) be a finite dimensional normed vector space over R. The norm σ is sometimes denoted by · . Let f : W → V be an injective homomorphism of vector spaces over R. Then the norm σ on V yields a norm σ ′ on W given by σ ′ (x) = σ(f (x)). This norm σ ′ is denoted by σ W ֒→V and is called the subnorm of σ. Let g : V → Q be a surjective homomorphism of vector spaces over R. Then a norm σ ′′ on Q is defined by σ ′′ (y) = inf{σ(x) | x ∈ g −1 (y)}.
This norm σ ′′ is denoted by σ V ։Q and is called the quotient norm of σ. Let 0 → V ′ → V → V ′′ → 0 be an exact sequence of finite dimensional vector spaces over R. Let σ ′ , σ and σ ′′ be norms of V ′ , V and V ′′ respectively. We say
4. Let X be either a scheme or a complex space. Let L 1 , . . . , L n be invertible sheaves on X and m 1 , . . . , m n integers. In this paper, the tensor product L ⊗m 1 ⊗ · · · ⊗ L mn n of invertible sheaves is usually denoted by m 1 L 1 + · · · + m n L n in the additive way like divisors.
5.
Let X be a compact complex manifold and Ω a volume form on X. Let L = (L, | · | L ) be a C ∞ -hermitian invertible sheaf on X. Then the natural L 2 -norm · L L 2 ,Ω and the sup-norm · L sup on H 0 (X, L) are defined by
for s ∈ H 0 (X, L). For simplicity, · L L 2 ,Ω (resp. · L sup ) is often denoted by · L L 2 or · L 2 (resp · sup ). For a real number λ, a C ∞ -hermitian invertible sheaf (L, exp(−λ)| · | L ) is denoted by L λ . Let A be a positive C ∞ -hermitian invertible sheaf on X. The normalized volume form Ω(A) associated with A is given by
is the first Chern form of A and d = dim X. Note that X Ω(A) = 1.
6.
A quasi-projective scheme over Z is called an arithmetic variety if X is an integral scheme and flat over Z. We say X is generically smooth if X is smooth over Q. By Hironaka's resolution of singularities [7] , there is a projective birational morphism µ : X ′ → X of arithmetic varieties such that X ′ is generically smooth. This µ : X ′ → X is called a generic resolution of singularities of X.
7. Let X be a projective arithmetic variety and L a C ∞ -hermitian invertible sheaf on X. According to [11] , we define three kinds of the positivity of L as follows:
• ample : L is ample if L is ample on X, the first Chern form c 1 (L) is positive on X(C) and nA is generated by sections s ∈ H 0 (X, nA) with s sup < 1 for a sufficiently large n.
• nef: L is nef if the first Chern form c 1 (L) is semipositive and deg( H Γ ) ≥ 0 for any 1-dimensional closed subscheme Γ in X.
• big: L is big if L Q is big on X Q and there are a positive integer n and a non-zero section s of H 0 (X, nL) with s sup < 1.
By [14, Corollary (5.7) ], if L is ample, then, for a sufficiently large integer n, H 0 (X, nL) has a basis s 1 , . . . , s N as a Z-module with s i sup < 1 for all i = 1, . . . , N . 8. Let X be a projective arithmetic variety, and let L and M be C ∞ -hermitian invertible sheaves on X. We say L is less than or equal to M , denoted by L ≤ M , if there is an injective homomorphism φ : L → M such that |φ C (·)| M ≤ | · | L on X(C), where | · | L and | · | M are hermitian norms of L and M respectively. The following properties are easily checked (for the proof, see Remark 5.3):
( 
where | · | (m1,...,m l ) is the hermitian norm of m 1 H 1 + · · · + m l H l and ⌈p⌉ is the round-up of p (cf. Conventions and terminology 1).
Proof. Let | · | i be the hermitian norm of H i and u i = |ω i | i on U . Considering an upper bound of the partial derivatives of u i over V , we can find a positive constant K i such that
for all x, y ∈ V (for the definition of | · | ′ , see Conventions and terminology 2). We set
Then, for x 0 , x ∈ V ,
Here we claim the following: x 1 · · · x n 1 − 1 n (x 1 + · · · + x n ) m dx 1 · · · dx n ≥ 1 (⌈m⌉ + 1) n (⌈m⌉ + 2) n .
First let us consider the case where m is an integer. If m = 0, then the assertion is obvious, so that we assume m ≥ 1. Since
for a non-negative integer d, the integral I in the claim is equal to
.
Thus
If m is not integer, then
Thus the claim follows.
We choose a positive constant e with Ω ≥ eΩ can on V , where
Let s be an element of H 0 (U, m 1 H 1 + · · · + m l H l ). Then we can find a holomorphic function f over U with s = f ω ⊗m1 1 ⊗ · · · ⊗ ω ⊗m l l . We also choose x 0 ∈ W such that the continuous function |s| (m1,...,m l ) on W takes the maximum value at x 0 . Then
where m = p(m 1 + · · · + m l ). Moreover, if we set
2π 0 · · · 2π 0 |f | p dθ 1 · · · dθ n r 1 · · · r n (1−D(r 1 +· · ·+r n )) m dr 1 · · · dr n .
Since |f | p is subharmonic, we have
Therefore, using Claim 1.1.1.1,
Gathering all calculations, if we set C ′ = e(2π) n /(nD) 2n , then V |s| p (m1,...,m l ) Ω ≥ C ′ |s(x 0 )| p (m1,...,m l ) (⌈m⌉ + 1) n (⌈m⌉ + 2) n .
Further, since ⌈m⌉ ≤ ⌈p⌉(m 1 + · · · + m l ), (⌈m⌉ + 1) n (⌈m⌉ + 2) n ≤ (⌈p⌉(m 1 + · · · + m l ) + 1) n (⌈p⌉(m 1 + · · · + m l ) + 2) n ≤ (⌈p⌉(m 1 + · · · + m l + 1)) n (2⌈p⌉(m 1 + · · · + m l + 1)) n = 2 n (⌈p⌉) 2n (m 1 + · · · + m l + 1) 2n .
Thus we get the lemma. 2
The partial results of the following corollary are found in [9] and [8] . 
Proof. We take a finite covering {U i } i=1,...,m of M with the following properties:
Then our corollary follows from the local Gromov's inequality. Let Ω M and Ω V be volume forms on M and V respectively. Then there is a constant C such that
for all non-negative integers m 1 , . . . , m l and all s ∈ H 0 (X, m 1 H 1 + · · · + m l H l ).
Proof. Note that
Thus the corollary follows from Gromov's inequality. 2
The following lemma is due to Takuro Mochizuki, who kindly tell us its proof. This is a variant of Gromov's inequality. 
for all non-negative integers m 1 , . . . , m l and all s ∈ H 0 (X, m 1 H 1 + · · · + m l H l ), where | · | (m1,...,m l ) is the hermitian norm of m 1 H 1 + · · · + m l H l .
Proof. Shrinking U if necessarily, we may identify U with {x ∈ C n | |x| < 1}. We set W = {x ∈ C n | |x| < 1/2}. In this proof, we define a Laplacian ω by the formula:
Let a i be a C ∞ -function given by
and we set f = |s| 2 (m1,...,m l ) exp(−(m 1 F 1 + · · · + m l F l )).
If f is a constant over X \ W , then our assertion is obvious, so that we assume that f is not a constant over X \ W . In particular, s = 0. Since
we have ω (log(f )) = 0 on X \ (W ∪ Supp(div(s))). Let us choose x 0 ∈ X \ W such that the C ∞ -function f over X \ W takes the maximum value at x 0 . Note that
For, if Supp(div(s)) = ∅, then our assertion is obvious. Otherwise, f is zero at any point of Supp(div(s)).
Since log(f ) is harmonic over X \ (W ∪ Supp(div(s))), log(f ) takes the maximum value at x 0 and log(f ) is not a constant, we have x 0 ∈ ∂(W ) by virtue of the maximum principle of harmonic functions. Thus the claim follows.
We set
Then
which implies that
This is the first part of the lemma. Note that e x ≥ x + 1 for x ≥ 0. Thus, by the local Gromov's inequality (cf. Lemma 1.1.1), there are constants C 1 and D 1 such that
for all non-negative integers m 1 , . . . , m l and all s ∈ H 0 (X, m 1 H 1 + · · · + m l H l ). Therefore the second assertion follows. Let s 1 , . . . , s N be an orthonormal basis of H 0 (X, H) with respect to , H,Ω . We define
Note that dist(H, Ω) does not depend on the choice of an orthonormal basis. In the case of H 0 (X, H) = {0}, dist(H, Ω) is defined to be the constant function 0. The function dist(H, Ω) is called the distorsion function of H with respect to Ω.
Let A be a positive C ∞ -hermitian invertible sheaf on X. Due to Bouche [2] and Tian [12] , we know that
where Ω(A) is the normalized volume form associated with A (cf. Conventions and terminology 5). Using this result, Yuan [13, Theorem 3.3] proved the following:
Then there are positive constants C 1 and C 2 such that
Proof. For reader's convenience, we reprove it here. By Bouche-Tian's theorem, there are constants C 1 and C 2 such that
for all z ∈ X, a ≫ 1 and b ≫ 1. By taking larger C 1 and C 2 if necessarily, we may assume that the above inequalities hold for all z ∈ X and all a, b ≥ 1.
Let us fix an arbitrary x ∈ X. Let us choose an orthonormal basis of H 0 (bB) with respect to , bB,Ω(B) such that only one section is non-zero at x. We denote this section by s b . Then
On the other hand,
We choose an orthonormal basis t 1 , . . . , t r of H 0 (aA−bB) with respect to , aA−bB,Ω(A) such that s b t 1 , . . . s b t r is orthogonal with respect to , aA,Ω(A) in H 0 (aA). This is possible because a hermitian matrix is diagonalizable by an unitary matrix. Then
is a part of an orthonormal basis of H 0 (aA). Thus
It is easy to see that
2 Let L and A be C ∞ -hermitian invertible sheaves on a projective complex manifold X. Assume that A and L + A are positive. We set Ω = Ω(L + A). Let a, b, c be non-negative integers. Let s be a non-zero element of H 0 (bA) with s sup ≤ 1. Let , aL−cA and , aL+(b−c)A be the natural hermitian metric of H 0 (aL − cA) and H 0 (aL + (b − c)A) with respect to Ω. We set
Then we have the following corollary, which is a variant of [13, Proposition 3.1] Corollary 1.2.2. There are positive constants C 1 and C 2 such that
for all x ∈ X, a ≥ 1 and a + c ≥ 3C 2 . Note that if a > 3C 2 and c ≥ 0, then a + c ≥ 3C 2 and a ≥ 1.
We choose an orthonormal basis t 1 , . . . , t r of H 0 (aL − cA) with respect to , aL−cA such that st 1 , . . . , st r are orthogonal with respect to , aL+(b−c)A . Then, using Jensen's inequality, for a > 3C 2 and c ≥ 0,
Let (M, · ) be a normed finitely generated Z-module, namely, M is a finitely generated Z-module and · is a norm on
It is easy to see thatĥ
where M tor is the torsion part of M . We set
Note thatχ(M, · ) does not depend on the choice of a Lebesgue measure of M R arising from a basis of M R . Let M ∨ be the dual of M , that is,
Let Σ = {e 1 , . . . .e r } be a free basis of of M/M tor and let , Σ be the standard inner product of M/M tor in terms of the basis Σ, that is,
In the case where M = {0},ĥ 0 (M, · ),ĥ 1 (M, · ) andχ(M, · ) are defined to be 0. The following proposition is very useful to estimateĥ 0 of normed Z-module. This is essentially the results in Gillet-Soulé [4] . The following formulae are also pointed out in Yuan's paper [13] .
Proposition 2.1.
(1) For a normed finitely generated Z-module (M, · ),
(2) Let · 1 and · 2 be two norms of a finitely generated Z-module M with · 1 ≤ · 2 . Then
Moreover,
(3) For a non-negative real number λ,
be an exact sequence of normed finitely generated Z-modules, that is,
is an exact sequence of finitely generated Z-modules and Proof. First we would like to give remarks on the paper [4] due to Gillet-Soulé. We use the same notation as in [4] . Let K be a convex centrally symmetric bounded and absorbing set in R n . Let K * be the polar body of K, i.e.,
We denote the volume of K by V (K) and #(K ∩Z n ) by M (K). We assume an inequality
where f (n) is a constant depending only on n. If we read the paper [4] carefully (especially Theorem 1 and Proposition 4), we can easily realize that the above inequality implies the following inequalities:
Mahler showed (2.1.1) holds for f (n) = 4 n (n!) −2 (cf. [6, §14, Theorem 4]). Bourgain and Milman [3] also proved (2.1.1) for f (n) = c n V n , where c is an absolute constant and V n is the volume of the unit sphere in R n . Here we uses Mahler's result for its simplicity.
(1) Sincê
we may assume that M is torsion free. Thus (1) is a consequence of (2.1.2).
(2) The inequalitiesĥ 0 (M, · 1 ) ≥ĥ 0 (M, · 2 ) andĥ 1 (M, · 1 ) ≤ĥ 1 (M, · 2 ) are obvious by their definitions. The third inequality is a consequence of (1).
we may assume that M is torsion free. Thus it follows from (2.1.3).
(4) We may assume M ′ is a sub-module of M . Let us choose x 1 , . . . , x l ∈ M with the following properties:
By using (i) and (ii), for any
Hence (4) follows from (3).
(5) Let , be an inner product of M/M tor with respect to the basis {e 1 , . . . , e rk M }. Then, for x = a 1 e 1 + · · · + a rk M e rk M , if | x, e i | ≤ 1 for all i, then |a i | ≤ 1 for all i. Thus (5) (1), (2), (3) and (4) of Proposition 2.1 respectively.
APPROXIMATION OF THE NUMBER OF SMALL SECTIONS
In this section, we prove the main technical tool of this paper. First we consider the following three lemmas. The first one is an upper estimate of the number of small sections. Lemma 3.1. Let X be a projective arithmetic variety of dimension d, and let L and N be C ∞ -hermitian invertible sheaves on X. Then we have the following:
Let Ω be a volume form on Y (C). An L 2 -norm of H 0 (X, mL + N ) is given in the following way: for t ∈ H 0 (X, mL + N ),
Proof. (1) It is well-known that 
Since L is ample, by [14, Theorem (4.2)], H 0 (X, mL + N ) is generated by sections t with t sup < 1. Thus, by (5) of Proposition 2.1,
Hence we get (1).
(2) Let A be an ample C ∞ -hermitian invertible sheaf on X. Then there are a positive integer n and a non-zero section t of H 0 (nA − L) with s sup ≤ 1. Let φ : L → nA be an injective homomorphism given by φ(t) = s ⊗ t. Then since |s ⊗ t| = |s||t| ≤ |t|, φ yields L ≤ nA (cf. Conventions and terminology 8). Therefore mL ≤ mnA for all m ≥ 1. Thus (2) follows from (1).
Therefore we get (3). 2
Next we consider formulae concerning subnorms and quotient norms (cf. Conventions and terminology 3).
Lemma 3.2.
(
a commutative diagram of finite dimensional vector spaces over R such that f and f ′ are injective and that g and g ′ are surjective. Let σ be a norm of V . Then
(2) Since f (ker(g ′ )) = f (W ) ∩ ker(g), for w ∈ W ,
The following lemma is needed to find a good A in the proof of Theorem 3.4. Lemma 3.3. Let X be a projective and generically smooth arithmetic variety of dimension d, and let Ω be a volume form on X(C). Let L and A be C ∞ -hermitian invertible sheaves on X. Let us consider the following assertion Σ(X, L, A):
There are positive constants a 0 , C and D depending only on X, L and A such that
for all integers a, b, c with a ≥ b ≥ c ≥ 0 and a ≥ a 0 . Then we have the following:
Conventions and terminology 8). If Σ(X, L, A) holds, then so does Σ(X, L, A ′ ).
(2) We assume that rk H 0 (X,
Proof. (1) Since
follows.
(2) We set A ′ = (A, exp(−λ)| · | A ). Let us fix constants C 1 and C 2 such that
for all a ≥ 1 and that (log(18) + 2) rk H 0 (a(L + A)) + 1 log rk H 0 (a(L + A))
for all a ≥ 2. It is easy to see that
and
Thus we havê
for all integers a, b, c with a ≥ b ≥ c ≥ 0 and a ≥ a 0 .
(3) It is sufficient to show that if Σ(X, L, A) holds, then so does Σ(X, L, A ′ ). Since
Hence we have a natural injective homomorphism α :
Let X be a compact complex manifold, and let L = (L, | · | L ) and M = (M, | · | M ) be C ∞ -hermitian invertible sheaves on X. Let t be a non-zero global section of H 0 (X, M ).
We denote by · L,L−M L 2 ,t,sub the subnorm of H 0 (X, L − M ) induced by the natural injective homomorphism H 0 (X, L − M ) ⊗t −→ H 0 (X, L) and the L 2 -norm of · L L 2 of H 0 (X, L) for a fixed volume form on X. For simplicity, · L,L−M L 2 ,t,sub is often denoted by · L L 2 ,t,sub . The following theorem is the technical core of this paper. The similar result for an arithmetic curve will be treated in Proposition 3.5. Theorem 3.4. Let X be a projective and generically smooth arithmetic variety of dimension d ≥ 2. Let L and A be C ∞ -hermitian invertible sheaves on X. We assume the following: Then there are positive constants a 0 , C and D depending only on X, L and A such that
for all integers a, b, c with a ≥ b ≥ c ≥ 0 and a ≥ a 0 , where the volume form Ω to define L 2 -norms is Ω(L + A) (cf. Conventions and terminology 5). Moreover the sup-version of the above estimate holds as follows: there are positive constants a ′ 0 , C ′ and D ′ depending only on X, L and A such that
Proof. First let us fix constants C 1 and C 2 such that
for all a ≥ 1 and that
for all a ≥ 2.
Let | · | A be the C ∞ -hermitian norm of A. As in Conventions and terminology 5, for λ ∈ R, we set
First we claim the following:
Claim 3.4.1. We may assume that there is a non-zero section s ∈ H 0 (X, A) such that s sup ≤ 1, div(s) is smooth over Q and that div(s) has no vertical components. We may further assume that there are a positive integer n and a non-zero section t of H 0 (X, nA − L) such that t sup ≤ 1 and t is not zero on div(s).
By our assumption (iii), there is a non-zero section s ∈ H 0 (X, A) such that the vertical component of div(s) is contained in the regular locus of X and that the horizontal component of div(s) is smooth over Q. Let Y and F be the horizontal component of div(s) and the vertical component of div(s) respectively. Note that Y and F are effective Cartier divisors because F is contained in the regular locus of X. We define a C ∞ -hermitian invertible sheaf A 1 by the equation
Then there is a non-zero section s 1 ∈ H 0 (X, A 1 ) such that s = s 1 ⊗ 1 F and div(s 1 ) = Y , where 1 F is the canonical section of O X (F ). Let λ be a non-negative real number with exp(−λ) s 1 sup ≤ 1. Then, by (3) of Lemma 3.3, if the assertion holds for L and A λ 1 , then so does for L and A.
Moreover, since A is very ample over Q and div(s) has no vertical components, there are a positive integer n and a non-zero section t of H 0 (nA − L) such that t is not zero on div(s). Let λ ′ be a non-negative real number with exp(−λ ′ /n) t sup ≤ 1. Then t is a small section of a C ∞ -hermitian invertible sheaf nA λ ′ − L. Thus, by (1) of Lemma 3.3, the claim follows.
For a coherent sheaf F on X and a subscheme Z of X, the image
If b = 0, then c = 0. Thus, in this case, the assertion is obvious, so that we may assume b ≥ 1. As in Claim 3.4.1, let s be a non-zero section H 0 (X, A) such that s sup ≤ 1, div(s) is smooth over Q and that Y := div(s) has no vertical components. Let us choose positive numbers C 3 and C 4 such that
for all a ≥ 1 and that 
Using an exact sequence
we have a normed exact sequence Next we claim the following: 
Therefore it is sufficient to find positive constants a 0 and C 5 such that
for all a, b, c with a ≥ b ≥ c ≥ 0 and a ≥ a 0 . This is nothing more than a consequence of Corollary 1.2.2.
Let k be an integer with 0 ≤ k < b. Let · aL+(b−c)A L 2 ,s k ,sub,quot be the quotient norm of 
Let us choose a small open set U of X(C) such that the closure of U does not meet with Y (C) and U is not empty on each connected component of X(C). Then, applying Lemma 1.1.4 to the cases L C , A C and L C , −A C , there are constant D 1 ≥ 1 and D ′ 1 ≥ 1 such that
Note that e x ≥ x + 1 for x ≥ 0. Thus, applying Corollary 1.1.3 to the cases L C , A C and
Let Y be the normalization of Y . Let t be a non-zero section as in Claim 3.4.1. Then t gives rise to a relation L e Y ≤ nA e Y (cf. Conventions and terminology 8). Thus
Further, by Lemma 3.1, there is a positive constant D 6 witĥ
for all n ≥ 1. Thus the claim follows.
Finally we claim the following: Claim 3.4.5. There is a constant C 7 depending only on L and A such that
where two horizontal sequences are exact. Thus, tensoring the above diagram with aL + (b − c)A, we have the following commutative diagram:
Therefore we have an exact sequence
Note that in the commutative diagram
the two vertical arrows have the same kernel. Thus, by Lemma 3.2,
is the quotient norm induced by the surjective homomorphism
Thus, taking b−1 k=1 , the above yieldŝ
Therefore, using Claim 3.4.4, we have the claim. 
for all a ≥ b ≥ c ≥ 0 and a ≥ a 0 .
Finally let us consider the sup-version of our estimate. First of all, since
Moreover, by virtue of Gromov's inequality, there is a constant C 8 ≥ 1
for all a, c ≥ 0. Thus, since a ≥ c,
for all a ≥ c ≥ 0. Therefore we obtain the sup-version. 2
Let R be an integral domain such that R is flat and finite over Z. Let K be a quotient field of R. Note that K is a number field. Let K(C) be the set of all embeddings K ֒→ C of fields. Let L be a finitely generated and free R-module of rank 1. For each σ ∈ K(C), the tensor product L ⊗ R C in terms of the embedding σ : K ֒→ C is denoted by L σ . For each σ ∈ K(C), let | · | σ be a norm of L σ . The collection L, {| · | σ } σ∈K(C) is called a normed invertible R-module. For simplicity, L, {| · | σ } σ∈K(C) is often denoted by (L, | · |) or L. We define · L sup by
Then (L, · L sup ) is a normed finitely generated free Z-module. 
Let us consider a sequence of injective homomorphisms:
On the other hand, for all t ∈ aL − cA,
Thus, by (3) of Proposition 2.1,
Finally we consider the following lemma which guarantees the existence of a good C ∞hermitian invertible sheaf A satisfying the assumptions (i), (ii) and (iii) of Theorem 3.4. Lemma 3.6. Let X be a projective and generically smooth arithmetic variety of dimension d ≥ 2, and let A be an ample C ∞ -hermitian invertible sheaf on X. Then, for any C ∞hermitian invertible sheaf L on X, there is a positive integer n 0 such that, for all n ≥ n 0 , nA satisfies the assumptions (i), (ii) and (iii) of Theorem 3.4.
Proof. This is a consequence of arithmetic Bertini's theorem (cf. [10] ). We can give however an easy and direct proof of the lemma as follows: It is easy to find n 0 for the assumptions (i) and (ii). In addition to (i) and (ii), we choose n 0 such that nA is very ample for all n ≥ n 0 . Let π : X → Spec(Z) be the structure morphism and S the minimal finite set of Spec(Z) \ {0} such that π −1 (Spec(Z) \ S) is regular. Let Z 1 , . . . , Z r be all irreducible components of π −1 (S) and let x 1 , . . . , x r be closed points of X with x i ∈ Z i for all i. Let m 1 , . . . , m r be the maximal ideals corresponding to x 1 , . . . , x r . Then there is a positive integer n 1 such that, for all n ≥ n 1 , H 1 (X, nA ⊗ m 1 · · · m r ) = 0, which means that the natural homomorphism
is surjective. Thus if n ≥ max{n 0 , n 1 }, then nA is very ample and there is a non-zero section t n of H 0 (X, nA) with t n (x i ) = 0 for all x i . We set γ(s) = t n + ls for s ∈ H 0 (X, nA), where l = s∈S char(κ(s)) and κ(s) is the residue field of Z at s. Note that γ(s)(x i ) = 0 for all i. In particular, every vertical component of div(γ(s)) is contained π −1 (Spec(Z)\S). On the other hand, it is easy to see that the set {γ(s) | s ∈ H 0 (X, nA)} is Zariski dense in a vector space H 0 (X Q , nA Q ) = H 0 (X, nA) ⊗ Q. Thus, by Bertini's theorem, there is s ∈ H 0 (X, nA) such that div(γ(s)) is smooth over Q. (2) Let | · | L be the hermitian norm of L. For a real number λ, we set
If λ ≥ 0, then we have
where vol(L Q ) is the geometric volume of L Q on X Q .
(3) vol(L) = lim sup m→∞ log #{s ∈ H 0 (X, mL) | s mL
Proof. (1) Since L ≤ M , we have mL ≤ mM for all m ≥ 1. Thuŝ h 0 H 0 (X, mL), · mL sup ≤ĥ 0 H 0 (X, mM ), · mM sup for all m ≥ 1. Hence vol(L) ≤ vol(M ).
(2) Since · mL λ sup = exp(−mλ) · mL sup , by using (2.2.3) , there is a positive constant C such that
for m ≫ 1. Thus we obtain the first inequalities. These implies that
which is nothing more than the second inequalities because L −λ λ = L.
(3) For a positive real number λ,
because · mL −λ sup = exp(mλ) · mL sup . Thus, using (2), we have vol(L) − dλ vol(L Q ) ≤ lim sup m→∞ log #{s ∈ H 0 (X, mL) | s mL
which shows the assertion because λ is an arbitrary positive number. 2
The following theorem shows that the volume function is a birational invariant. In particular, vol(L) = vol(π * (L)).
Proof. The proof of this theorem is similar to [13, Theorem 2.2] . First of all, note that lim sup Thus, considering a generic resolution of singularities of X ′ , we may assume that X ′ is generically smooth. Let us consider an exact sequence:
The image of the natural homomorphism
is denoted by Γ(X ′ /X, mL+N ). Let · π * (mL+N ) sup,quot be the quotient norm of Γ(X ′ /X, mL+ N ) induced by the surjective homomorphism H 0 (X ′ , π * (mL + N )) → Γ(X ′ /X, mL + N ) and the sup-norm · π * (mL+N ) sup of H 0 (X ′ , π * (mL + N )).
Claim 4.2.1. If π is finite and L is ample, then
We fix a normalized volume form Ω on X ′ (C). Using Ω on X ′ (C), as in Lemma 3.1, we can define L 2 -norms of H 0 (X, mL + N ) and H 0 (X ′ , π * (mL + N )) as follows: for t ∈ H 0 (X, mL + N ) and t ′ ∈ H 0 (X ′ , π * (mL + N )),
and t ′ π * (mL+N )
where | · | mL+N and | · | π * (mL+N ) are the hermitian norms of mL + N and π * (mL + N )
respectively. Note that π * (| · | mL+N ) = | · | π * (mL+N ) . Let · π * (mL+N ) L 2 ,quot be the quotient norm of Γ(X ′ /X, mL + N ) induced by H 0 (X ′ , π * (mL + N )) → Γ(X ′ /X, mL + N ) and the L 2 -norm · π * (mL+N ) L 2 ,Ω of H 0 (X ′ , π * (mL + N )). Then we have a normed exact sequence
By virtue of [14, Corollary (4.8) ], H 0 (X ′ , π * (mL + N )) is generated by sections t with t π * (mL+N) L 2 ≤ t π * (mL+N ) sup < 1 for m ≫ 1 because π * (L) is ample. Thus so does Γ(X ′ /X, mL + N ) with respect to · π * (mL+N) L 2 ,quot . Hence, by using (1) and (5) of Proposition 2.1, it suffices to show that
because rk Γ(X ′ /X, mL + N ) = o(m d−1 ). By using the normed exact sequence (4.2.2) and [13, Theorem 2.1, (1)], we havê
On the other hand, using [14, Theorem (1.4)] and Gromov's inequality on X ′ (C), we can see that
as in the proof of Lemma 3.1. Moreover, by the projection formula,
Thus the claim follows. 
Let A be an ample C ∞ -hermitian invertible sheaf on X. Replacing A by a higher multiple of A if necessarily, we may assume that there is a non-zero section s of H 0 (X, A− L) such that s sup ≤ 1 and s dose not vanish at any associated point of π * (O X ′ )/O X . Then we have the following commutative diagram:
By our choice of s, the horizontal arrows are injective. Let · π * (mA+N ) sup,π * (s),sub be the subnorm of H 0 (X ′ , π * (mL + N )) induced by
and · π * (mA+N) sup . Moreover, let · π * (mA+N ) sup,π * (s),sub,quot be the quotient norm of Γ(X ′ /X, mL + N ) induced by H 0 (X ′ , π * (mL + N )) → Γ(X ′ /X, mL + N ), and let · π * (mA+N ) sup,quot be the quotient norm of Γ(X ′ /X, mA + N ) induced by H 0 (X ′ , π * (mA + N )) → Γ(X ′ /X, mA + N ).
Then, by (2) of Lemma 3.2, · π * (mA+N ) sup,π * (s),sub,quot ≥ · π * (mA+N) sup,quot on Γ(X ′ /X, mL + N ). Therefore, by the previous claim,
On the other hand, since · π * (mL+N ) sup,quot ≥ · π * (mA+N ) sup,π * (s),sub,quot , we havê
sup,π * (s),sub,quot .
Thus the claim follows. gives rise tô h 0 H 0 (X, mL + N ), · mL+N sup ≤ĥ 0 H 0 (X ′ , π * (mL + N )), · π * (mL+N)
This shows the claim.
Let us consider a general case. We set X ′′ = Spec(π * (O X ′ )). Then π : X ′ → X can be factorized π 1 : X ′ → X ′′ and π 2 : X ′′ → X such that π = π 2 •π 1 , (π 1 ) * (O X ′ ) = O X ′′ and π 2 is finite. Thus, by Claim 4.2.4,
On the other hand, since (π 1 ) * (O X ′ ) = O X ′′ , H 0 (X ′ , π * (mL + N )) = H 0 (X ′′ , π * 2 (mL + N )) for all m ≥ 1. Thus
Hence the theorem follows. 2
Next let us consider the following theorem. Proof. By Theorem 4.2, we may assume that X is generically smooth. By using 
Thus we get the theorem. 2
The following lemma is need to see the characterization of bigness and the homogeneity of the arithmetic volume function. Let A be an ample C ∞ -hermitian invertible sheaf on X such that
Since L is big, we can find a positive integer a withĥ 0 (H 0 (X Let m be an integer with m ≥ a 2 + a. We set m = aq + r, where 0 ≤ r < a. Then q ≥ a. Thus we can find b > 0 with q = b + r. Therefore mL = b(aL) + r((a + 1)L), which means thatĥ 0 (H 0 (X, mL), · mL sup ) = 0.
Next we claim the following:
There is a positive integer n 0 such that
for all n ≥ 1 and all i = 0, . . . , p.
We choose n 0 with pn 0 ≥ m 0 . For each i = 0, . . . , p, there is a non-zero section s i of H 0 (X, (pn 0 + i)L) with s i sup ≤ 1. Therefore we have injective homomorphisms In the same way, we can see
The following theorem is a characterization of a big C ∞ -hermitian invertible sheaf. The similar property is observed in [13] . Theorem 4.5. For a C ∞ -hermitian invertible sheaf L on X, the following are equivalent:
(1) vol(L) > 0.
(2) L is big.
Proof. Obviously (3) =⇒ (1) and (4) =⇒ (1), so that it is sufficient to show that (1) =⇒ (2), (2) =⇒ (3) and (2) =⇒ (4).
(1) =⇒ (2): We assume that vol(L) > 0. By (3) of Proposition 4.1, there is a positive integer m and a non-zero section s of H 0 (X, mL) with s mL sup < 1. Let A be an ample C ∞ -hermitian invertible sheaf on X. By Theorem 4.3,
which implies that there is a positive integer n withĥ 0 H 0 (X, nL − A), · nL−A sup = 0.
Hence nL ≥ A. In particular, L Q is big on X Q .
(2) =⇒ (3): Let A be an ample C ∞ -hermitian invertible sheaf on X. Since L is big, there is a positive integer p with pL ≥ A. Therefore,
Hence, by Lemma 4.4,
(2) =⇒ (4): We choose a sufficiently small positive number λ such that L −λ is big.
which yields (4). 2
Remark 4.6. In the paper [13] , Yuan uses the condition (4) of the above theorem as a definition of a big C ∞ -hermitian invertible sheaf. By the above theorem, Yuan's definition is equivalent to our bigness. which means that vol(pL) = p d vol(L). 2
CONTINUITY OF THE VOLUME FUNCTION
Let X be a d-dimensional projective arithmetic variety and Pic(X) the group of isomorphism classes of C ∞ -hermitian invertible sheaves on X. An element of Pic(X) ⊗ Q is called a C ∞ -hermitian Q-invertible sheaf on X. For L ∈ Pic(X), the image of L via the canonical homomorphism Pic(X) → Pic(X) ⊗ Q is denoted by [L] . Note that [L] = [(O X , | · | can )] if and only if L is a torsion in Pic(X), that is, there is a positive integer n with nL = (O X , | · | can ). We say a C ∞ -hermitian Q-invertible sheaf L is represented by M ∈ Pic(X) if [M ] = L. Moreover a C ∞ -hermitian Q-invertible sheaf L on X is said to be ample if there is a positive integer n such that nL is represented by an ample C ∞ -hermitian invertible sheaf on X. Similarly we say L is nef (resp. big) if nL is represented by a nef (resp. big) C ∞ -hermitian invertible sheaf for some positive integer n. Let us begin with the following lemma. Proof. Let L be a C ∞ -hermitian Q-invertible sheaf on X. Let n be a positive integer such that nL is represented by a C ∞ -hermitian invertible sheaf M . Then we would like to define vol(L) to be vol(M )/n d . Indeed this is well-defined. Let n ′ be another positive integer such that n ′ L is represented by a C ∞ -hermitian invertible sheaf M ′ . Then, since Proof. (1) , (2) and (3) are consequence of the properties in Conventions and terminology 8. Let us consider (4) . Let n be a positive integer such that nL and nM are represented by C ∞ -hermitian invertible sheaves
by (1) (1) and (2), it is sufficient to show the following:
(a) Let φ : V → W be an isomorphism over C, v a basis of V and w = φ(v). Let v ∨ and w ∨ be the dual bases of v and w respectively. Since σ(v/σ(v)) = 1,
In the same way, τ ∨ (w ∨ ) = 1/τ (w). Note that φ ∨ (w ∨ ) = v ∨ . Thus (a) follows.
The following theorem is the main result of this paper. More generally, for C ∞ -hermitian Q-invertible sheaves A 1 , . . . , A n on X, lim ǫ1,...,ǫn∈Q ǫ1→0,...,ǫn→0 vol(L + ǫ 1 A 1 + · · · + ǫ n A n ) = vol(L).
Proof. First let us consider the case n = 1. Let µ : X ′ → X be a generic resolution of singularities of X. Then, by Theorem 4.2, vol(L + ǫA) = vol(µ * (L) + ǫµ * (A)) and vol(L) = vol(µ * (L)). Thus we may assume that X is generically smooth. Hence the claim follows.
From now on, we assume that A is ample. It is obvious that Therefore, we may assume that L is C ∞ -hermitian invertible sheaf. Further, by Lemma 3.6, we may assume that A is a C ∞ -hermitian invertible sheaf and that A satisfies the assumptions (i), (ii) and (iii) of Theorem 3. Thus we may assume that 0 ≤ Q A 1 , . . . , 0 ≤ Q A n . Find an ample C ∞ -hermitian Qinvertible sheaf B such that A i ≤ Q B for all i = 1, . . . , n. Then
for each i, which implies L − (|ǫ 1 | + · · · + |ǫ n |)B ≤ Q L + ǫ 1 A 1 + · · · + ǫ n A n ≤ Q L + (|ǫ 1 | + · · · + |ǫ n |)B.
Therefore vol(L − (|ǫ 1 | + · · · + |ǫ n |)B) ≤ vol(L + ǫ 1 A 1 + · · · + ǫ n A n ) ≤ vol(L + (|ǫ 1 | + · · · + |ǫ n |)B).
Thus the general assertion follows from the case n = 1.
2
As a corollary, we have the following: Therefore our corollary follows from the continuity of volumes. 2
Moreover, we can show the following arithmetic Hilbert-Samuel theorem for a nef C ∞hermitian invertible sheaf. Thus our assertion is obvious by Theorem 4.3, so that we may assume that L is big. Let A be an ample C ∞ -hermitian invertible sheaf on X. Then there is a positive integer k with kL ≥ A. We set E = kL − A. Since Finally let us consider the volume of the difference of nef C ∞ -hermitian Q-invertible sheaves, which is essentially the main result of Yuan's paper [13] . Proof. First we assume that L and M are ample C ∞ -hermitian invertible sheaves on X. Then, by [13] , Therefore the theorem follows. 2 Remark 5.8 (Arithmetic analogue of Fujita's approximation theorem). It is very natural to ask the following arithmetic analogue of Fujita's approximation theorem: Let L be a big C ∞ -hermitian Q-invertible sheaf on X. For any positive number ǫ, do there exist a birational morphism µ : X ′ → X and an ample C ∞ -hermitian Q-invertible sheaf A on X ′ such that A ≤ Q µ * (L) and vol(L) ≤ vol(A) + ǫ ?
